Let n ≥ d ≥ ℓ ≥ 1 be integers, and denote the n-dimensional hypercube by Q n . A coloring of the ℓ-dimensional subcubes Q ℓ in Q n is called a Q ℓ -coloring. Such a coloring is d-polychromatic if every Q d in the Q n contains a Q ℓ of every color. In this paper we consider a specific class of 
Introduction
For n ∈ Z, n ≥ 1, the n-dimensional hypercube, denoted by Q n , is the graph with V (Q n ) = {0, 1} n , and edges between vertices which differ in exactly one coordinate. For ℓ ≤ n, Q ℓ -coloring of Q n is a coloring of the ℓ-dimensional subcubes Q ℓ in Q n . A Q ℓ -coloring of Q n is called d-polychromatic if every Q d in Q n contains a Q ℓ of every color. For 1 ≤ ℓ ≤ d, let p ℓ (d) be the maximum number of colors such that for all n ≥ d there is a d-polychromatic Q ℓ -coloring of Q n .
Motivated by Turán type problems on the hypercube, Alon, Krech, and Szabó [1] introduced the notion of polychromatic colorings on the hypercube and proved bounds on p 1 (d).
Theorem 1 (Alon, Krech, and Szabó [1] ) For all d ≥ 1,
The lower bound is given by what Chen [2] called basic colorings, which we define in Section 2. In [4] , it was shown that for edge colorings of the hypercube, a basic coloring is optimal.
Theorem 2 (Offner [4] ) For all d ≥ 1,
Later,Özkahya and Stanton generalized the bounds of Theorem 1 to p ℓ (d) for ℓ > 1.
Theorem 3 (Özkahya and Stanton [5] ) For all d ≥ ℓ ≥ 1, let 0 < r ≤ ℓ + 1 be such that r ≡ d + 1 (mod ℓ + 1). Then
As with Theorem 1, the lower bound in Theorem 3 is achieved by basic colorings. Define p ℓ bas (d) to be the maximum number of colors such that any hypercube has a d-polychromatic basic Q ℓ -coloring. Then, as described in Section 2, 
In contrast to the case of Q 1 -colorings, where for all d ≥ 1,
This was first shown in [3] .
Note that p 2 bas (3) = 2 < p 2 (3) and p 2 bas (4) = 4 < p 2 (4). Subsequently, Chen [2] improved the lower bound on
A corollary of Theorem 4 (See [3] , Corollary 24) is that for all d ≥ 3, 
Chen called the colorings used to establish the bounds in Theorem 5 linear colorings, a term defined in Section 2. Define p ℓ lin (d) to be the maximum number of colors such that for all n ≥ d, Q n has a d-polychromatic linear Q ℓ -coloring. All basic colorings are linear, so for all d ≥ ℓ ≥ 1,
In [2] , Chen used a geometric argument to prove a nontrivial upper bound on p 2 lin (d).
Theorem 6 (Chen [2] ) For all d sufficiently large,
Since the colorings used in proving Theorem 5 are linear, we know that for all ℓ > 1,
The main result of this paper shows that the answer to this question is no.
Section 3 is devoted to the proof of Theorem 7.
To determine the values of p ℓ lin (d) for some particular values of ℓ and d, we wrote a program that, given ℓ, d, and M , tests whether a d-polychromatic linear Q ℓ -coloring with M colors exists for all n. The program is described in Section 4 and the python code is available at arXiv.org. Theorem 5 and its corollary imply the following lower bounds:
In the first three of these cases our search did not turn up any polychromatic linear colorings with more colors, proving that those linear colorings are optimal. In the other cases we found linear colorings which establish larger values for p ℓ lin (d). These results are summarized in the next proposition.
Proposition 8 p 2
lin (4) = 6, p 2 lin (5) = 9, p 3 lin (5) = 6, p 2 lin (6) = 16, p 3 lin (6) = 12, and p 4 lin (6) = 9.
We prove Proposition 8 in Section 4.1. For general polychromatic colorings, the only known value of p ℓ (d) where 2 ≤ ℓ < d is p 2 (3) = 3. Combining Theorem 7 with Theorems 4 and 3, we conclude that for all d ≥ 3,
These are the only examples where it is known that p ℓ lin (d) < p ℓ (d). Additionally, Theorems 3 and 5 imply that for all d ≥ 4,
It would be interesting to prove whether there are other cases where p ℓ lin (d) < p ℓ (d) or improve any of these bounds on p ℓ (d).
Basic and Linear Colorings
We follow standard notation and denote d-dimensional subcubes of Q n by an n-bit binary string [3] ) implies that when studying polychromatic colorings on the hypercube, we need only consider simple colorings, so all Q ℓ -colorings in this paper will have the form
where S is some set of colors, and χ colors any Q ℓ with the color of its counting vector.
A Q ℓ -coloring χ is called linear if the set of colors is a finite abelian group Z, and the coloring is induced by an additive map 
where n is very large, Z is a finite abelian group, and |Z| ≥ 3. Our goal is to show that χ is
≥0 be the vector whose (i + 1)th entry is a 1, and all other entries are 0, and let h i ∈ Z be such that
In this proof, let (x 0 , x 1 , . . . , x d ) be the counting vector for a Q d . To show χ is not d-polychromatic, we examine the counting vectors of the 2d
and v i1 denote the counting vectors of the two Q d−1 's in such a Q d that use all but the (i + 1)th star, i.e. 
Note that C d−1 represents the set of colors assigned to all
Note that for i ≥ 0,
Thus if we let H 0 = 0, and for all 1 ≤ i ≤ d − 1, define
Further, note that H i is fixed by the choices of x 0 , . . . , x i , and for i ≥ 0,
If h i = 0 for all i, then χ colors every Q d−1 with the color 0, and is clearly not d-polychromatic.
Thus we assume h i = 0 for some i.
In this proof, we show that there are choices for x 0 , x 1 , . . . ,
is the counting vector for a Q d , it will not contain a Q d−1 of each color. Let g ∈ Z such that g / ∈ {0, h i 1 }. We prove the following statement by induction: There are choices for x 0 , . . . , x i k ∈ Z ≥0 such that for any choice of
Base case (j = 1):
Inductive step: Fix j such that 1 ≤ j ≤ k − 1 and assume there are choices for x 0 , . . . , x i j such that for any choices of x (i j )+1 , . . . , x d , X + g / ∈ C i j . We want to show there are choices for x (i j )+1 , . . . , x i j+1 such that for any choice of
First note that
so by the induction hypothesis, g = H i j and g = H i j + h i j . We treat two cases, depending on whether h (i j )+1 is 0 or not.
Case 1:
Suppose h (i j )+1 = 0, i.e. i j+1 = (i j ) + 1. We show that setting x (i j )+1 = 0, |Z| − 1, or 1 ensures that X + g / ∈ C i j+1 .
Case 1a:
and this choice works since
Case 1b:
and this choice works since g = H i j − (h (i j )+1 − h i j ).
Case 1c:
The only remaining case occurs if we are not in Case 1a, so
and we are not in Case 1b, so
Combining Equations 2 and 3, we get
In this case, set x (i j )+1 = 1. Then
This choice works unless g = H i j − h (i j )+1 , which implies
Equations 3 and 5 together imply that h i j = 0, a contradiction.
Case 2:
Suppose h (i j )+1 = 0, i.e. i j+1 > (i j ) + 1. We show that setting x (i j )+1 = 0 or |Z| − 1 along with
Since h (i j )+1 = 0,
Thus any values of
by setting x i j+1 = 0 we get
and thus,
Then setting x (i j )+1 = |Z| − 1 implies
But Equations 6 and 7 together imply h i j = 0, a contradiction. Thus they both cannot be true, and one of the values 0 or |Z| − 1 for
We have shown that there are choices for x 0 , . . . , x i k ∈ Z ≥0 such that for any choice of
Since h i = 0 for all i > i k , we can set x i = 0 for all i > i k to ensure that X + g / ∈ C i for all i > i k . Thus we have choices of x 0 , . . . , x d such that X + g / ∈ C d−1 , which proves χ is not d-polychromatic.
Computer search for polychromatic linear colorings
By the fundamental theorem of finitely generated abelian groups, given ℓ and d, to test whether there is a d-polychromatic linear Q ℓ -coloring χ with M colors, we need only consider linear colorings
where, as in the proof of Theorem 7, we define f j ∈ Z ℓ+1 ≥0 to be the vector whose (j + 1)st entry is a 1, and all other entries are 0. Let C χ be the matrix of coefficients 
and a coloring χ is characterized by its matrix of coefficients C χ . Note that for 0 ≤ i ≤ n, all arithmetic in the ith coordinate is done (mod m i ). Further, we may assume that any entry c ij in 
(p, q, r, s) = (s (mod 2), q + r (mod 2), p + q − r (mod 3)) 4 Z/3 ⊕ Z/3 χ 4,6 (p, q, r, s, t) = (q + s + t (mod 3), q − r + s (mod 3)) 
Results of computer search
Proof of Proposition 8: Theorem 5 implies that p 2 lin (4) ≥ 6, p 2 lin (5) ≥ 9, and p 3 lin (5) ≥ 6. For the remaining three cases, in Figure 2 we exhibit a 6-polychromatic linear Q 2 -coloring χ 2,6 with 16 colors, a 6-polychromatic linear Q 3 -coloring χ 3,6 with 12 colors, and a 6-polychromatic linear Q 4 -coloring χ 4,6 with 9 colors. (In the case ℓ = 3, d = 6, there is more than one abelian group Z where a coloring χ 3,6 : Z 4 ≥0 → Z is 6-polychromatic, so we give multiple examples.) These colorings were found to be polychromatic using the function isValidColoring. 
